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Theoretical study of unstable waves in the rapids of the river
H. Kyotoh: Institute ofEngineering Mechanuics, University ofTsukuba
The interesting phenomena of sutface waves in the rapids of the river $wiU$ be
easily observed at the waterside. pallicularly, it has been pointed out that only the
$\varphi\dot{n}\alpha lic\infty m\mu nent$ of the waves geneIated at the rapids will propagate to the
waterside of the down-stream pool. In order to elucidate their generating
mechanisms, the simplified equations of motio, which involve the tenns of the
dispersion, Manning’s resistance law and the eddy viscosity, are analysed by using
perturbation methMs and numerical calculations.
The linear and the nonlinear stability theory show that down-going waves
become convectively unstable and their equiliblium amplitude does not exist at the
low values of the roughness parameter. The criticd Froude number Frcr and the
coIresponding frequency and wavenumber ofunstable waves are also determined as a
function of the roughness parameter. In addition, it is revealed that the $sc\mathbb{A}ng$ of the
KdV-type, which is the long-wave approximation, yields also the $KdV$ equation, but
its dispersion tern comes from the aedy viscosity and its solution expresses the
kinematic wave. Fumhernore, the waves induced by the bottom topography, whose
slope is given by a sinusoidal or a step function, will be investigated numerically by
spectral methods.















?Fig.l schemalic view of






$arrow hnH,$ $uarrow Unu,$ $warrow Unw,$ $xarrow lmx,$ $carrow chn/(ghn)^{1/2})$
.
$afr\frac{\partial H}{\partial\iota}+\frac{\partial HU}{\partial x}=0,$
$afr\frac{\partial U}{\partial\uparrow}+U\frac{\partial U}{\partial x}=-P_{xav}-Mn(\begin{array}{ll}U^{2} I\overline{R^{\frac{4}{3}\overline{I_{0}}}}- \end{array})+ C_{s}\frac{\partial}{H\partial x}(H\frac{\partial U}{\partial x}),$ $afr=\frac{1}{Fr},Fr=\frac{Un}{\sqrt{@^{bn}}},Mn=\frac{@^{n^{2}}}{bn^{\frac{1}{3}}}$ (1)
, $t$ , $x$ , $H$ , $u$
, $p$ , Pxav $x$ , $g$
, $n$ , $R$ , 1 1 $=\sin\Theta=$
-db $(x)/dx$ , $I_{0}=m_{lFr^{2}}$ ,
. , $R=H$ ,
1 . Smagotinsky











$\wedge^{\backslash ^{\backslash }}$ . $X(1)\iotaarrow$
$H=1+\mathfrak{e}bf(\downarrow x),$ $U=1+sUf(t,x)$ , hf(t,x) $=Abex\mathfrak{p}(ib+lt)$ , Uf(t,x) $=AU\mathfrak{c}xp(h+lt)$ (3)
,
$- afr^{2}(1+\frac{k^{2}}{3})12-afr(\frac{2i}{3}k^{3}+C_{s}k^{2}+2ik+2Mn)+\frac{k^{4}}{3}-iC_{8}k^{3}+(1-af_{1}^{2})k^{2}-\frac{10i}{3}Mnk=0$ (4)
. , $k$ , $r$ , $i$



















$r(k)\cong r(k_{I})+(k-k_{cr})\frac{\partial r}{\partial k}(k_{I})+\frac{(k-kr)^{2}\partial^{2_{I}}}{2\partial k^{2}}(k_{CI})+(I^{i}r-F_{rcr})\frac{\partial r}{\partial F_{t}}(b_{Ct})$ (7)
, r Fr=Fr(7 . ,




. $\alpha>0,$ $\beta>0$, $b$


















$bf_{1}(tx)=Ab_{1}(t_{1},t_{2})\exp(ikx-ist)+c.c.$ , $Uf_{1}(\downarrow x)=AU_{1}(t_{1},t_{2})\exp(ikx-ist)+c.c$. ,
$bf_{2}(t,x)=bf_{20}(t_{1},t_{2})+\{bf_{21}(t_{1},t_{2})\exp(2ikx-2ist)+c.c.\}$ ,
$Uf_{2}(t,x)=Uf_{20}(t_{1},t_{2})+\{Uf_{21}(t_{1},t_{2})\exp(2ikx-2ist)+c.c.\}$
$Fr=Fr_{Cf}+\epsilon^{2}Fr_{1}$ , $t_{1}=\epsilon t,$ $t_{2}=\epsilon^{2}t$ ...... (10)
, $c.c”$ , $s$ $=$





$\frac{1\partial hf_{n}}{Fr_{cr}\partial t}+\frac{\partial hf_{n}}{\partial x}+\frac{\partial Uf_{n}}{\partial x}=Fcn$
















$\frac{\partial Ah_{1}}{\partial t_{2}}=(p_{r^{-F_{fCf})\frac{\partial r}{\partial F_{f}}(k_{Cf})Ah_{1}-i\frac{\partial r}{\partial k}(k_{Cf})\frac{\partial Ah_{1}}{\partial x_{1}}-\frac{1\partial^{2_{f}}}{2_{\partial k^{2}}}(k_{Cf})\frac{\partial^{2}Ah_{1}}{\partial x_{1^{2}}}+a_{2^{|Ah_{1}|^{2}Ah_{1}}}}}$ (14)
. Ginzburg-Landau
2). ,
$Ab_{1}=Am\exp(iKx_{1}-i\t_{2}),$ $- i8=(F_{f}-F_{ICf})\frac{\partial r}{\partial F_{f}}(k_{Cf})+K\frac{\partial r}{\partial k}(k_{Cf})+\frac{1}{2}K^{2}\frac{\partial^{2_{f}}}{\partial k^{2}}(k_{Cf})+a_{2}Am^{2}$ (15)


















$\frac{\partial Ah_{0}}{\partial t_{2}}+\frac{5}{3}Fr_{1}\frac{\partial Ah_{0}}{\partial x_{1}}+\frac{9}{5}Ah_{0}\frac{\partial Ah_{0}}{\partial x_{1}}+\frac{1\partial^{3}Ah_{0}}{10_{\partial x_{1}}3}=0$ (19)
. , $Fr_{cr^{=}}3/2$ , Mn $=3C_{S}$ . $KdV$
,
.




, bx $(x_{1})$ , $KdV$
$d$ . ,
$KdV$ .























(20) bx (x) $=a_{m}k_{b^{I}0}\cos(k_{b}x)$ . $a_{m}$
2 .






. $0$ $\phi_{S}$ ,
$\phi_{S}=\phi+\frac{\pi}{2},$ $\phi=\frac{k_{b}(3aR^{2}-3-k_{b}^{2})}{3C_{8}k_{b}^{2}+10Mn}$ (23)
117
. Bresse , $\oint_{S}=0$ , $\phi_{S}=\pi$
















$k_{cr}$ . , $I_{0}=$
Mn $Fr^{2}$ a $p$ . , $N$
. Fig.3.1 , 3.2 3.3 , 3.4 (a),(b),(c),(d) , (a)





$)$ . , $($
Fig.3.1 $(b)\sim Fig.3.4(b))$ . , $Fr=0.8Fr_{cr}$ ,
.
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Fig.3.1, 3.2, 3.3, 3.4 The waves induced by the bottom topography: bx(x)$=a_{\ell}1_{0}\cos(\kappa_{cr^{\chi)}}$






Fig.4. 2 , 50
50
. Fig. 4.1, 4. 2 $hf^{(1\sim 39)}$ m 1 39 ,
hf $(40\sim 60)$ 40 60





(1) Huene, P. and P. A. Monkewitz : Local and global instabilitys in spatially developing flows,
Amu. Rev. Fluid Mech.,V.22, pp. 473-537, 1990.
(2) Deissler, R. J.: Noise-sustained structure, intenmittency, and the Ginzburg-Landau equation, J.
Statistical Phys.,V.40, N.3/4, pp. 371-395,1985.
(3) Wu, T. Y. : Generation of upstream-advancing solitons by moving disturbances, J.Fluid Mech.,
V184, pp. $75- \mathfrak{B}$, 1987.
(4) , : , 48 ,
$pp.48(\}481,$ $1\mathfrak{B}3$ .
